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Abstract. Calculations of the Fanday rotation and ellipticity spectra at photon energies betwen 
1.6 and 4.0 eV (wavelength between 775 and 310 nm) resulling from Ce3+ ions in Ce- 
substihlted yttrium aluminium garnets (YAG:Ce) based on the quanNm theory are presented. 
The Faraday effect conlributed by the Ce3t ions is caused mainly by the intra-ionic elecbical 
dipole transitions between the 41 and 5d wnfiguraiions. The Faraday effect of the Ce3+ ions 
in both the diamagnetic YAG and the ferrimagnetic yttrium iron garnet (YIG) crystals has a 
paramagnetic speclral shape, but the resonance frequencies of YAG:Ce are at 2.76 and 3.7 eV. 
which are obviously higher than thohose of no:&. This difference can be explained by the 
fact that the crystal field acting upon the r a r e 4  ions in garnets depends strongly on the 
nature of the next-nearest neighbours. The differences between the bansition intensities for the 
right- and left-handed circularly polarized light from both the lowest and the second crystal-field 
(cF)-split 5d levels to the ground state are negative. Therefore the Faraday rolalion spectrum 
contributed by the Ce3+ ions in YAG has a wave-like shape in the energy region considered. 
However, for un;:Ce, the difference between the Lramition intensities for the right- and left. 
handed circularly polarized light from the second cF-split 5d level to the ground state is positive. 
So the corresponding s p t "  for Yt0:Ce has a different shape. The calculated results are in 
good agreement with experiment. 

1. Introduction 

Many experimental investigations on the magneto-optical (MO) and magnetic properties of 
rare-earth (=)-substituted iron garnets have been carried out. Recently it has been found 
that Ce-substituted ythium iron garnet (wc:Ce) bas a very large Faraday rotation (FR) in 
the visible and near-infrared regions (Leycuras et a1 1985, Gomi et al 1988, 1990, 1991, 
Kucera et al 1989). The cerium ions give an additional conhibution to the FR and Faraday 
ellipticity spectra of Y1c:Ce cenlred at 1.36 eV (912 nm) and 3.10 eV (400 nm). The 
intensity of this MO band monotonically increases with increasing cerium concentration in 
the gamet lattice. The cerium contribution to the FR reaches the value 2 x IO4 deg cm-l and 
-1.3 x lo" deg cm-' at 633 nm and 1150 nm wavelengths, respectively, per single cerium 

t Permanent address: Department of Physics, Zaozhuang Teacher's College. Zaozhuang 277160. People's Republic 
of China 
( Mailing address. 

0953-89&2F95~06151+09$19.50 @ 1995 IOP Publishing Ltd 6151 



6152 You Xu et al 

ion substituted into a YIG molecule. These values are higher even than those found for Si3+ 
ions. Hence, particular garnets prepared by RF sputtering, where a high concentration of 
the Ce3+ ions can be achieved (Alex e: ai IWI), may be employed for MO recording. 

In order to obtain more insight into the processes responsible for these strong MO effects, 
comparative studies have been can id  out on different magnetic and non-magnetic garnets 
containing cerium. Kucera (1991a, b) has given detail measurement results on the FR and 
Faraday ellipticity of Ce-substituted yttrium aluminium garnet (YAc:Ce). It is found that the 
doping of Ce3+ ions into YAG caused pronounced bands to appear in the MO spectra. The 
structure observed has a paramagnetic spectral shape similar to that of Y1c:Ce. However, 
for YAG:ce, the resonance frequencies are shifted to a higher energy: 2.76 eV (460 MI) and 
3.69 eV (336 nm). 

In some of our previous papers (Xu et al 1993% b, Yang et a1 1994). we have given 
a theoretical explanation of the strong MO enhancement in YAGRE based on the quantum 
theory. It has been shown that the single-ion model is valid for the MO effect caused by the 
RE sublattice in YIGRE when the temperature is not very low and the concentration of the RE 
ions is not very high. The RE Contribution to the MO effect is caused mainly by the intra-ionic 
electric dipole transitions between the 4f" and 4!"-'5d configurations of the RE ions which 
are split by a crystal field (Qi) and a superexchange interaction. YIG is a ferrimagnetic 
compound. In Yrc:Ce, there is a superexchange interaction acting upon the Ce3+ ions. 
Therefore, there is a spontaneous FR in Y1G:Ce. YAG is a diamagnetic compound. When 
the concentration of the cerium ions is not very high, there is no superexchange interaction 
acting on the cerium ions. Therefore, in YAG:Ce, there is no spontaneous FR and the FR 
emerges only when a magnetic field acts upon it. We think that this difference should not 
alter the origin of the Faraday effect. So, it is a reasonable assumption that, for YAG:& the 
cerium contribution to the Faraday effect is also caused mainly by the intra-ionic electric 
dipole transitions between :he 4f and 5d configurations of the C@+ ions. 

There is another difference between the Faraday effect in Y1G:Ce and that in YAG:Ce, 
i.e. the resonance frequencies of the FR spectrum for YAG:Ce are shifted towards higher 
energies. We think that this difference arises because the (3: strength in YAG is different 
from that in YIG. The crystal structure of YAG is the same as that of YIG and the 
difference between the lattice parameters of these two crystals is not large. Furthermore, 
the nearest neighbours of the Ce3+ ions in YAG are the same as in YIG. Therefore, it 
might be considered that the (3:s upon the cerium ions in these two crystals are nearly the 
same. However, many experimental results show that the Qi upon the RE ions in garnets 
depends strongly on the nature of the next-nearest neighbours. Some examples follow. 
Blesse and Bril (1967) have investigated some Ce3'-activated phosphors (Y3A15012:Ce. 
YsA14Ga012:Ce, Y3AbGa2012:Ce. Y3AI2Ga3Olz:Ce. .Yl,sGdl,sAlsOt2:Ce. YAlSB4012:Ce. 
etc) and concluded that the CF splitting is strongly influenced by the nature of the next- 
nearest neighbours. Grunberg et a2 (1969) obtained the Qi parameters for Sm3+ and Dy3+ 
ions in YAG and yttrium gallium garnet (YGG). The CFs upon the same ion in these two 
crystals are very different. The CF upon the Sm3+ ions in YAG and YGG obtained by them 
is also very different from the Qi upon the Sm3+ ions in YIG obtained by Nekvasil et a! 
(1985). From these facts, we think that the ff upon the CeS+ ions in YAG is different from 
that upon the Ce3+ ions in YIG. Thus the difference between the resonance frequencies of 
the FR spectra for YAG:Ce and Y1G:Ce can be explained. From the above considerations, the 
model and approach used to calculate the MO spectrum for YIGRE are extended to study the 
MO behaviour of YAG:&. 
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2. Calculation of Faraday rotation and ellipticity 

When the damping can be neglected, the complex FR per unit length caused by the electric 
dipole lxansitions is (Crossley et al 1969) 

x6J (ii' + 2)Z 
(p = & + i @  = Y (x- - X + ) .  cn 9 

The Lorentz-Lorenz correction is incorporated into this equation. In equation (I), & is the 
FX, $ is the Faraday ellipticity, x- and x +  are the elecnic susceptibilities for right- and 
left-handed circularly polarized light, respectively, ii is the mean refractive index of the 
material, w is the angular frequency of the light wave and c is the velocity of the light in 
vacuum. For YAG, at energies below 2.5 eV, the imaginary part &: of the diagonal element 
of the permittivity tensor is approximately zero, the real part .$, of the diagonal element 
is approximately Z', and Z N 1.828 (Bond 1965). That is, the index of refraction is very 
much greater than the extinction coefficient. Furthermore, both .?A and are only modestly 
changed by RE substitution. These features make equation (1) accurate for calculating the 
MO effect of YAG?& in the energy region considered. 

By inserting the quantum-mechanical expressions for Ac susceptibility into equation (I), 
we obtain 

for each type of ion present in the material, where 

A, = I(nlV-lg)lz - I(nlv+lg)lz. (4) 

In equations (2)<4), N is the number of ions per unit volume, r,, is the half-width 
of resonance lines, lg) is the CE and applied-magnetic-field-split 4f states with energy E,, 
In) is the msplit 5d states with energy E,, .%on, = E.  - E,. V* are the electric dipole 
moment operators for right- and left-handed circularly polarized light, respectively, given 
by 

V* = e(x f iy) (5) 

and p ,  is the occupation probability of the state 18) given by 

It is necessary to calculate the energy levels split by the CF and magnetic field applied and 
the corresponding wavefunctions. The perturbation Hamiltonian of a Ce3+ ion in the crystal 
is 
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where 1 is the orbital angular momentum operator, s is the spin angular momentum operator 
and F(r) is the spin-orbit coupling parameter. The third term on the right-hand side is the 
Zeeman effect Hamiltonian, H is the magnetic field applied, pe is a Bohr magneton and 
H, is the CF Hamiltonian. The Ce3+ ions are at the c sites of the lattice; their environment 
has D2 symmetry. So Hc can be expressed as 

where B k  are CF parameters and C$(6!, 'p) have the following relations with the spherical 
harmonics Yi(@, 'p): 

Because the Zeeman energy induced by the applied magnetic field is very small 
compared with the spin-orbit interaction and the CF effect, we carried out the perturbation 
calculation in the following order of prim'ties: H, + &)Z . s and p 0 p ~ H  - ( I  + ZS). The 
m-split energy levels and the corresponding wavefunctions have been obtained by solving 
the following secular equation: 

Il(C0ilHc + 5 ( r ) l .  - %I1 = 0. (10) 

In calculating the splitting of the 4f states, both 'F5p and 'FT,~ multiplets have been 
included. As for the 5d states, the 'D3/z and *DSlz multiplets have been included. 

The choice of the proper set of the parameters of the CF acting upon the Ce3+ ions is a 
crucial step. As mentioned above, the values of the cp parameters depend strongly on the 
nature of the next-nearest neighbours. So the point-charge model fails to obtain the correct 
parameters. Grunberg ef al (1969) determined a set of parameters for the cp acting upon 
the 4f electrons of the Sm3+ ions in YAG by fitting the absorption and emission spectra of 
the YAG doped with Sm. It is expected that the parameters Bkq(rx) of the CF acting upon 
the RE ions in different YAGRE compounds change gradually with the atomic number of the 
RE ions. Therefore, we think that it is reasonable to determine the parameters Bk,(rk) of 
the CF acting upon the 4f electron of the ce3+ ions in YAG:ce according to the values of CF 
parameters obtained by Grunberg eta1 for the Sm3+ ions in YAG and the ratio of the values 
of ( r2 ) ,  ( r4 )  and ( r6 )  of the RE ions and then to make a small change to fit the measured 
values of the m. The parameters of the CF acting upon the 5d electron of the Ce3+ ions are 
determined by fitting the optical absorption spectrum of YAG:ce. The non-zero parameters 
are shown in table 1. The values of ( for the 4f and 5d configurations and the difference 
between the mean energies of these two configurations have been taken from the paper by 
Starostin (1976). The energies of the calculated cF-split levels are shown in table 2, 
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Table 2 The values of the cF-split energy levels of the 4f and 5d mnfiguntions. taking h e  
average energy of the 4f shell as zero. 

Values of cF-split energy levels 

(cm-9 ( C W ' )  (cm-') ("1) ("1) (cm-') (cm-I) 

4f -1831.84 -1249.71 -1158.58 408.03 842.68 1251.64 IT37.78 
5d 20228 28087 35641 82331 82982 

From table 2, we can see that the Faraday effect comes mainly from the transitions 
between the lowest CF-Split 4f level and the 5d levels. The second and third cF-split 4f 
levels make small contributions to the Faraday effect. So, in table 3, the wavefunctions of 
the lowest three CF-split 4f levels are given. In table 4, the calculated 5d levels taking the 
energy of the lowest m-split 4f level as zero and the measured 5d levels obtained from the 
optical absorption spectrum by some workers (Weber 1973, Jacobs e t  a1 1978, Miniscalco 
et al 1978) are given. It can be seen that, for the three lowest levels, the calculated values 
are in good agreement with the measured values. Because the environment of the Ce3+ 
ions in YAG has Dz symmetry, the 5d states should be split into five CF levels. However, 
only four energy levels have been found in optical measurement. We cannot fit the fourth 
measured level by changing the 13 parameters. We think that the fourth measured level 
might belong to another excited configuration and the parameters of the cF acting upon the 
5d electron determined by us might be reasonable. 

Table 3. The energies and the wavefunctions of the lowest Uuee cF-split 4f levels. Here 
the representation [ J .  J ~ )  is used, so, for example, 12. i )  represents h e  wavefunction 
IJ=$ .M,=; ) .  

Energy 
(cm-I) Wavefunction 

-1831.84 -0.515801& $) +0.59448~$,f)+0.60700~~,-~)+0.089651~. $ )  
+0.054 2911, f) - 0.003 281;. - 4) - 0.033 2013. - f ) 

-1831.84 0 . 6 0 7 0 0 ~ ~ , ~ ) + 0 . 5 9 4 4 8 ~ ~ . - ~ )  -0.515801f,-~)+0.033201~. f )  
+0.003281f. i) -0.054291f.-f)-0.0896511,--1) 
-0.027261 1. i) - 0.046 491 f , - I )  - 0.087 941 1. -1) 
0.694151;. 3) - 0.6274012, -4) + 0.1494211, -$) + 0.087941$ ;) 
t0.046491:. 4) +0.0276711, -+) - 0.3025811. -1) 

- 1 158.58 0.825 1812, 2) + 0.472041 2, $) + 0.248 751;. - 4) + 0.00464l~. 2 )  
-0.1222411. f }  + 0 . 1 3 7 8 3 1 ~ . - ~ ) - 0 . 0 2 0 6 4 1 ~ . - ~ )  

-1158.58 0.248751$. ~~+0.472041~.-f)t0.825181~,-f)+0.020641~. f )  
-0.137831:. 4) +O.lU%l~, -4) - 0.004641;, -$) 

-1249.71 0.149421:,~) -0 .627401~ ,~ )+0 .69415~~ . -~ )+0 .302581~ .  z )  
-1249.71 

The Zeeman splitting of the lowest three cF-split 4f levels caused by the magnetic field 
applied has been obtained by solving the following secular equation: 

I l ( q i l k 9 f i B N ' ( 1  +2s)l@j)E8ijll = 0. (11) 

The external magnetic field used by Kucera (1991a,b) in measuring the Faraday effect in 
YAG:& is 1 T. In order to compare with his measured results, the magnetic field applied - 
is assumed to be 1 T in our calculation. The magnitude of the Zeeman energy is about 
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Table 4. The calculated values of the c~-split energy levels of the Sd mnfigwuion and lhe 
measwed values of the excited energy levels taking the energy of lhe lowest cFsplit4f level as 
ZM. 

Values of CF-Split energy levels 

(cm-') (cm-') (cm-') (em-') (cm-') 

calculated 22060 29919 37473 84162 84814 
22000 29667 37333 44667 

Measured 22000 300W 37000 44000 
21765 29647 37059 44706 

' Obtained by Weber (1973). 
O w e d  by Miniscalm et nl (1978). 
Obtained by Jacobs et ol (1978). 

0.5 cm-I, which is very much less than the CF splitting. Therefore the admixing of different 
CF levels is neglected in solving equation (11). 

Because the Ce3+ ions are Gamer's ions, every m-split energy level is doubly 
degenerate. The extemal magnetic field splits every CF level into two sublevels. When 
a plane-polarized electromagnetic wave propagates through the crystal, the transition 
probabilities for the right- and left-handed circularly polarized light between these sublevels 
and the 5d levels are the same. Therefore, there will be no Faraday effect if there is no 
extemal magnetic field, but the Zeeman splitting makes the occupation probabilities of these 
sublevels different. This results in a Faraday effect. 

The calculated FR spectrum conhibuted by the Ce3+ ions in YAG:Ce contained 
0.5 wt.96 Ce at 300 K and a magnetic field of 1 T is shown b the solid curve in figure 1. 

of the FR. It is a little larger than the corresponding value of the free Ce3+ ions given by 
Starostin (1976). but the corresponding values for free P?+ and Nd3+ ions are 0.476 A 
and 0.46 A, respectively (Judd 1962). So we think that the value used is reasonable. The 
half-widths rng are determined by fitting the measured Faraday ellipticity and FR spectra. 
All the optimum values of fir for the transitions from the lowest three 5d levels to various 
4f levels are 0.11 eV. In Kucera's (1991a.b) papers, the values of hT obtained by the 
least-squares analysis of the FR and Faraday ellipticity spectra arc 0.11 eV and 0.12 eV for 
the resonance frequencies at 2.76 eV and 3.69 eV, respectively. The values that we used 
are very close to these values. 

As a comparison, the calculated FR spectrum of Yz&FesO12 at 300 K (Xu et al 1993a) 
is shown by the broken curve in figure 1 as well. Because the magnitude of the FR of 
YzCeFe~Olz is very different from that of YAG:Cc, the scales of the ordinate for these two 
samples are different. The scales for YAG:& and Yn:Ce are shown on the right- and left- 
hand sides, respectively, of the figure. It is seen that the FR spectrum of YAG:& also has 
two resonance frequencies below 4 eV. They are at 2.73 eV and 3.7 eV, respectively. They 
correspond to the transitions from the lowest and the second CF levels of the 5d configuration 
to the 4f states. For YAG:&, besides the total FR, the FRS caused by the transitions from 
the lowest three 5d CF levels are also shown in figure 1. The FR is contributed mainly by 
the transitions from the lowest two 5d CF levels to the 4f levels. However, the resonance 
frequency corresponding to the thud 5d CF level is at 4.65 eV; so the contribution of this 
level to the FR below 4 eV is not very small. Higher 5d CF levels barely contribute to 
the Faraday effect at the wavelength region considered. It can be seen that, differing from 

" YIG:Ce. the FR spectrum contributed by the Ce3+ ions in YAG has a wavelike shape. This 
difference can be explained as follows. For YIG:Ce, the value of A,, is negative for the 

In the calculation, the value of (r)rlf5d is taken to be 0.561 H to fit the measured values 
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1500 1000 500 300 
P ' i l ' '  ' ' ' I I I 

4 I- 1 

1- 
Figure 1. The FR spearum contributed by the Cdt  ions in YAG:& containing 0.5 ~4% Ce 
at T = 300 K and a magnetic field E = 1 T and the spontaneous FR spectrum contributed by 
the Ce3+ ions in YzCeFesOl? at 3M) K - . -+ FR caused by Lhe lowest 5d level-4f sfate 
transitions (the lefi-hand paa of this C U N ~  is coincident with !he curve of the total FR); - . . -, 
FR caused by Lhe second 5d l evek4f  state transitions; - . . . -, FR caused by the third Sd 
level+4f state transitions; -, total FR; - - -, FR caused by the Ce3+ ions in YzCeFerOlz. 

transition from the lowest 5d CF level to the ground state (i.e. the lowest cF- and applied- 
magnetic-field-split 4f state), while it is positive for the transition from the second 5d cp 
level to the ground state. Therefore the FR is positive for the whole region between these two 
resonance frequencies and is negative outside this region. However, for YAG:Ce, both the 
values of A,, for the transitions from the lowest and second 5d CF levels to the ground state 
are negative. Therefore the FR spectrum has a wave-like shape. The absolute value of A, 
for the second 5d CP level is less than that for the lowest 5d CF level. At the same time the 
corresponding value for the third 5d cF level is positive. Hence the FR has a positive value 
in the wavelength region from 454.5 nm (2.73 eV) to 335.3 nm (3.7 eV). Valiev etal (1989) 
have measured the Verdet constant of a pure YAG crystal at 300 K in the wavelength region 
from 280 to 700 m. From these values we can obtain the FR of pure YAG at 300 K and a 
magnetic field of 1 T. The theoretical values of the FR in YAG:& containing 0.5 wt.% Ce are 
obtained by summing the corresponding calculated values of the contribution of the Ce3+ 
ions in YAG:Ce and the values for pure YAG. Both of the values of the FR for pure YAG and the 
theoretical values for YAG:ce containing 0.5 wt.% Ce are shown in figure 2. The measured 
values for YAG:& in the same conditions as obtained by Kucera (1991a,h) are shown in 
the figure as well. It can be seen that the calculated values are in good agreement with 
the measured values in the whole wavelength region considered. The calculated Faraday 
ellipticity spectrum and the measured spectrum obtained by Kucera (1991a,b) under the 
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same conditions are shown in figure 3. The calculated ellipticity spectrum is also in good 
agreement with the measured spectrum. 

2000 p 

1500 
E 
I 
3 
d 
1000 

n -. 

500 

- 

- 

- 

I ,  6 2.4 3.2 
hdeV) 

0 

Flgure 2. The w sped" of Y A G C ~  under the same conditions as figure 1: - . -, w 
conlribuled by a pure YMI crystal obtained by Valiev et al (1989); -. theoretical values of 
the w in ma:&, - - -, measured values of the FR in YAGCe obtained by Kucem (199kb)  
( h i s  curye is coincident with the theoretical curve in the energy region from 2.69 to 2.9 ev). 

hu(eV) 

Figure 3. The Fyaday ellipticity specmm of YAc:Ce under Le same conditions as figure 1: 
-, calculated values, - - -, measund values obtained by Kucera (1991a,b). 
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3. Conclusion and discussion 

From the calculated results, it is seen that the MO behaviour of the Ce3+ ions in YAG:& 
is well explained by the model used in this paper. The MO behaviour of the Ce3+ ions 
in YAG is essentially the same as that of the Ce3+ in YIG but, because the CF acting upon 
the RE ions in garnets depends strongly on the nature of the next-nearest neighbours, the 
resonance frequencies in YAG:Ce are at higher energies. The external magnetic field used in 
the measurement of the Faraday effect in YAG:Ce is very much less than the molecular field 
upon the Ce3+ ions in YIO. Therefore the observed Faraday effect in YAG:Ce is very much 
weaker than the spontaneous Faraday effect in YIG:Ce. From our calculated results, we can 
conclude by a rough estimate that the order of magnitude of the FR in YAG:& will be the 
same as that of the spontaneous FR in YlG:Ce if these two garnets have the same cerium 
concentration and the magnetic field applied upon YAG:C~ equals the molecular field acting 
upon the Ce3+ ions in no. According to the model used in this paper, this result is just as 
expected. 
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